We study the counterpart to the multi-photon down conversion in the quantised motion of a trapped atom. The Lamb{Dicke approximation leads to a divergence of the mean motional excitation in a nite interaction time for k-quantum down conversions with k 3, analogous to the situation in the parametric approximation of nonlinear optics. We show that, in contrast to the Lamb{Dicke approximation, the correct treatment of the overlap of the atomic center-of-mass wave function and the driving laser waves leads to a proper dynamics without any divergence problem. That is, the wavy nature of both matter and light is an important p h ysical property which cannot be neglected for describing the motional dynamics of a trapped atom, even for small Lamb{Dicke parameters.
I. INTRODUCTION
When the susceptibility of a medium interacting with an electromagnetic eld of optical frequency depends strongly on the electric-eld amplitude, one enters the domain of nonlinear optics. Nonlinear couplings of electric elds of dierent frequencies usually emerge from an expansion of the susceptibility in terms of the electriceld amplitude. Prominent examples of such nonlinear couplings are second-harmonic generation or two-photon down conversion, which are due to a second-order susceptibility 2 . Nonlinear crystals have been successfully used to produce squeezed quantum states of light via a two-photon down conversion. The extension of twophoton down conversion to an arbitrary k-photon process, where k > 2, has also been studied. While this might be viewed as a natural generalisation of the secondharmonic generation or the two-photon down conversion, it has been shown that there is a subtle problem in the theoretical description of such processes. Fisher, Nieto, and Sandberg [1] have argued that it is not possible to dene states by applying the unitary time-evolution operator on the vacuum eld state. This argument has been partially removed by a consideration using Pad e approximants [2] . Later on, however, it was shown by Elyutin and Klyshko [3] and Hillery [4] that for k = 3 and k = 4, respectively, a divergence occurs in the mean photon number for nite interaction times. This divergence property m a y b e i n terpreted as an unphysical artefact coming from the improper treatment of the k-photon process. In fact, it has been shown that the usual parametric approximation is incorrect in that it neglects the energy transfer and entanglement, between the pump and signal mode of the electromagnetic eld which emerges when the pump mode is quantised [5{8] . We note that the possibility of observing k =3 nonlinear quantum optical conversion processes in a damped cavity has recently been discussed [9] .
While these phenomena are well known and elaborated in the context of nonlinear optics, recent advances in laser-cooling [10, 11] , state preparation [12, 13] , and detection [14] of the motional quantum state of single trapped ions, a new type of realisation of such nonlinear mode couplings became possible. Here the modes are represented by the 3D harmonic center-of-mass oscillations of a single ion in the trap. The nonlinear mode coupling may be realized by appropriate laser irradiation which induces vibrational Raman transitions [15{19] . This opens possibilities to study such mode couplings with an almost perfect system (i.e. the motion of the trapped ion) where the damping of the motion is negligibly small apart from a small heating rate due to technical imperfections [20] . In the Lamb{Dicke regime, where the atomic center-ofmass position is well localised with respect to the wavelengths of the applied laser elds, mode couplings result which are analogous to the optical mode couplings in the parametric approximation. That is, a treatment of the dynamics based on the Lamb{Dicke approximation would reveal an unphysical divergence of the mean number of vibrational quanta for k-quantum processes with k 3.
Whereas for a trapped atom in the Lamb{Dicke regime one gets a close connection to the parametrically approximated optical couplings, for a trapped atom which is not well localised with respect to the laser wavelengths, nonlinear modications of the couplings occur which arise from the overlap of the atomic center-of-mass wavefunction with the laser waves, describing the momentum transfer onto the atomic center-of-mass during laser-photon absorption and emission [15, 19] . These recoil eects may strongly inuence the coupling strengths which depend on the number of excited quanta in the vi-brational modes. They have been predicted [21] and observed [12] for the rst time in the context of a nonlinear Jaynes{Cummings model, describing the dynamics of a laser-driven vibronic transition in the resolved-sideband regime.
We will show in this paper that the nonlinear eects, caused by the overlap of light and matter waves, will remove the unphysical divergence problem which arises in the Lamb{Dicke approximation. The paper is structured as follows: In Sec. II we i n troduce the eective Hamiltonian for the motional dynamics of the trapped atom and we briey discuss the justication and the validity o f t h e parametric approximation for optical couplings and the Lamb{Dicke approximation for the motional couplings. The laser-driven motional dynamics is then considered in Sec. III and the divergence problem in the Lamb{Dicke approximation is studied in Sec. IV. In Sec. V the more realistic treatment of an unspecied degree of localisation of the trapped atom is shown to remove the divergence and some examples for the time evolution are given. A summary and some conclusions are found in Sec. VI.
II. MOTIONAL COUNTERPART O F MULTI-PHOTON DOWN CONVERSION
For the k-quantum vibrational-mode coupling, we consider here a two-photon vibrational Raman transition which has been experimentally realised [12, 13] and theoretically studied in the context of nonlinear couplings of vibrational modes [15{18] . By application of two laser beams which are o-resonant with respect to a strong electronic dipole transition and which are detuned relative to each other by multiples of the vibrational frequencies in the trap, vibrational Raman transitions can be driven which m a y be used to realize a quantum mechanical counterpart of nonlinear optics, see Fig. 1 . For an appropriate laser-beam propagation geometry which aects only the dynamics in one vibrational mode of frequency , in the rotating-wave approximation the Hamiltonian describing the eect of the Raman laser drive o n the dynamics of the vibrational mode is given by [15] H k = h f k (â yâ ;) ( iâ) k + h : c : (1) whereâ andâ y are the annihilation and creation operators of vibrational quanta, respectively. Here the laser dierence-frequency has been chosen to be k, i.e. k times the vibrational frequency of the mode with k 1 [22] . The eective two-photon coupling strength is given by , and beat-node of the laser elds. They account for the recoil eects during the process of absorption and emission of laser photons of the trapped atom. Since they depend only on the quantum numbern = a ŷ a , in the basis of its eigenstates,njni = njni (n = 0; 1; 2; : : : ), these operators are diagonal, with their diagonal elements f k (n; ) = h n ĵ f k (â yâ ;)jni being given by
where L k n (x) are the associated Laguerre polynomials. For a well-localised atom, that is, for very small Lamb{ Dicke parameters 1, or more precisely for a small spatial extension of the atomic wavefunction p n + 1 1, one reaches the so-called Lamb{Dicke limit. Here usually the Lamb{Dicke approximation is made, which takes into account only the lowest-order terms in . In our description of the k-quantum coupling (1) the Lamb{Dicke approximation is performed by replacing the operatorvalued functionf k (â yâ ;) b y its limiting value for a small Lamb{Dicke parameter,
By replacing in the Hamiltonian (1) the operator functionf k (n;) b y the c-number given in Eq. (4) In the context of nonlinear optics the Hamiltonian (5) describes the k-photon down conversion process whereâ is the signal mode and the pump mode has been parametrically approximated by replacing its operators by amplitudes whose values are included in the coupling strength k . It is well known that for k > 2 the parametric approximation described by the Hamiltonian (5) leads to a divergent behaviour of the mean quantum numb e r i n t h e signal mode for nite interaction times, i.e. lim t2 t1!t1 hn(t 2 )i ĥ n ( t 1 ) i = 1 ; (6) for a dened interaction time 0<t 1 < 1. In nonlinear optics the parametric approximation of the pump mode fails due to pump depletion and the entanglement of signal and pump modes which is essential in this type of interaction, leading to a energy conservation of the total number of photons in the pump and signal mode [1] . The parametric approximation essentially neglects the energy transfer from the signal to the pump mode, leading to an unbounded increase of the energy in the signal mode. A quantum description of the pump mode is therefore required, regardless of how strong the pump eld actually is compared with the signal mode [5{8].
For the case of a single trapped atom, the coupling strength k contains the classically approximated eld amplitudes of the two Raman lasers. While in nonlinear optics the parametric approximation for the pump mode fails it is expected that for a Raman-driven trapped atom it is the Lamb{Dicke approximation, rather than the replacement of the laser-eld operators by their classical amplitudes, which leads to a divergent dynamics. Note that the validity of the Lamb{Dicke approximation is, in principle, in contradiction with a divergent motional excitation in the trap. Eigenstates of the trap potential should only be populated for p n + 1 1, that is for higher excitations the approximation is no longer valid, and a diverging mean excitation violates this requirement. Therefore in all cases, even for a trapped atom with small Lamb{Dicke parameter ( 1), we have to consider the full problem including the nonlinear operator functionsf k (n;)in the Hamiltonian (1). As already noted, these operator functions describe the eects of momentum transfer onto the atomic center-of-mass motion during the laser-atom interaction [15, 19, 21] . They are of particular importance for higher vibrational excitations p n + 1 > 1 and they are discarded in the Lamb{Dicke approximation.
III. EQUATIONS OF MOTION
To study the time evolution of the mean quantum number hn(t)i, we will start by deriving from the Hamiltonian (1) the equations of motion for the populations of the vibrational levels. The Schr odinger equation is given by
where j (t)i is the state vector in the interaction picture. Using as basis the number states jni, w e get the following equations of motion for the coecients n (t) = h n j ( t ) i
and g k (n; ) = 0 for n < 0. For notational simplicity we will omit here and in the following the time argument o f n ( t ) and will only write n . The time evolution of the populations of the number states, P n = n n , are obtained from Eq. (8) and its complex conjugate, @ P n @ t = 2 I m g k ( n ; ) n n + k g k ( n k ; ) n k n :
(10) To calculate the second time-derivative of Eq. (10) one requires the time-derivatives of combinations of the type n n+k which are given by @ @ t n n + k =ig k (n; ) ( P n + k P n ) (11)
Inserting Eq. (11) into the time-derivated Eq. (10) the second time-derivative of the number statistics results as @ 2 P n @ t 2 = 2 j g k ( n ; ) j 2 ( P n + k P n )
2 jg k (n k; )j 2 (P n P n k )
2 R e g k ( n ; ) g k ( n + k ; ) n +2k n +g k (n k; ) g k (n 2k; ) n n 2k 2 g k (n; ) g k (n k; ) n+k n k :
We are interested here in the temporal evolution of the mean quantum number (17) The coecients F k (n; ) determine the motional dynamics and especially the existence of a divergence in nite interaction times, as depicted in Eq. (6) . From Eqs. (9) and (15) the coecients follow a s
with k 1 and the functions f k (n; ) given by Eq. (3), with f k (n; ) = 0 f o r n < 0.
IV. LAMB{DICKE APPROXIMATION: EXPLODING SOLUTIONS
In the Lamb{Dicke approximation ( ! 0) the coecients F k (n; ) read as
From Eq. (19) it can be seen that, in general, the functions F k (n; 0) are polynomials in n of the order k 1, that is
with a non-vanishing highest-order coecient a k;k 1 6 = 0 .
F rom Eq. (19) it can be seen that the expansion coecients are always positive a kl 0. Moreover, the lowestorder coecient a k0 is non-vanishing, since
The second-order dierential equations for the mean excitation number in the Lamb{Dicke approximation, Eq. (16) 
Note, that the second-derivative (22) is always positive and non-zero due to the non-vanishing lowest order term a k0 , cf. Eq. 
V. OVERLAP OF MATTER AND LIGHT WAVES: REGULAR BEHAVIOUR FOR LARGE EXCITATIONS
In the preceding section it has been shown that in the Lamb{Dicke approximation the mean motional excitation number diverges in a nite interaction time for the cases k 3. In this section we will proof, that the exact Hamiltonian (1), e.g. without the Lamb{Dicke approximation, does not exhibit such a divergence problem. This is due to the overlap of matter and light w a v es described by the nonlinear operator functions (2). They lead to an excitation-dependent coupling strength which suppresses the unbounded increase of the mean excitation.
A. Proof of the regular behaviour
To prove the regular behaviour of the dynamics of the system described by Eqs. (16) and (18) we m a y consider the following situation: (a) If the mean quantum numberwould diverge, we w ould be operating in a regime of very large quantum numbers n. Therefore we are allowed to use an asymptotic expansion of the coecients F k (n; ) for large n. (b) Since for k = 1 ; 2 w e know that in the Lamb{Dicke approximation [described by F 1;2 (n; 0)] the dynamics does not exhibit a divergence in nite interaction times, it is sucient to show that the asymptotic expansion of F k (n; ) has an upper bound leading to a dynamics which is at least as convergent as for F 1;2 (n; 0), F k (n; ) F 1;2 (n; 0 ) ;( n 1):
Then the acceleration d 2 hn()i=d 2 is always smaller than those for the well-behaved cases and a divergence in nite times cannot exist, regardless of the initial motional quantum state chosen.
We start by expressing the function F k (n;
While the rst (positive) term in Eq. (36) describes the transition to higher-lying states jni ! j n + k i , the second (negative) term describes transitions to lower-lying states jni ! j n k i , leading to a decrease of the acceleration. An upper bound for F k (n; ), which determines the maximum acceleration, is therefore given by neglecting the transitions to lower-lying states (which do not cause a divergent behaviour)
Using the relation between the Laguerre polynomials and the conuent hypergeometric (Kummer's) function
one arrives at the inequality for F k (n; ) 
does not diverge for nite interaction times . In conclusion, it has been proved that the mean motional excitation number resulting from the full Hamiltonian (1) does not diverge for nite interaction times. 
B. Numerical examples
As an example, we show in Fig. 2 the exact time evolution of the mean motional excitation number hn()i for k = 3 and Lamb{Dicke parameter = 0 : 2. It clearly shows, that instead of diverging in a nite interaction time as would be expected in the Lamb{Dicke approximation, the mean excitation number exhibits an oscillatory behaviour. This is due to the destructive o v erlap of matter and light w a v es leading to a decoupling of the atomic motion from the laser elds for certain excitation amplitudes.
To gain more insight i n to the distribution of the quantum state in phase space, we show in Fig. 3 the time evolution of the Q function for the three-quantum coupling (k =3) and for = 0 : 2. It can be seen that the dynamics is strongly modied by the occurrence of the circles of vanishing coupling strengths. In contrast to the dynamics in the Lamb{Dicke approximation, where the \star"-like structure would be extended to innitely large phasespace amplitudes, the extension of the \star" structure is halted at the rst circle of vanishing coupling. Parts of the phase-space distribution are smoothed over the circle. For those components of the distribution that accumulate a phase shift of = 3relative t o the initial \star" structure, the Hamiltonian (1) eectively exhibits a change of sign accompanied by a reversal of the time evolution. Consequently, those components of the quantum state are moving back t o w ards the origin of phase space [24] . This eect explains the decrease of the mean motional excitation number as seen in Fig. 2 . Note that the distribution in Fig. 3(f) for time = 5 : 74 corresponds to a local minimum of hn()i in Fig. 2 . Obviously, there are some components of the phase-space distribution which cross the barrier. However, because of the existence of further barriers at approximately equidistant radii, the explosive dynamics occurring in the Lamb{Dicke approximation and also in the optical parametric approximation does not occur.
VI. SUMMARY AND CONCLUSIONS
In summary it has been shown that for a trapped atom which is driven by Raman-laser elds, in the Lamb{Dicke approximation a behaviour appears which is analogous to the case of k-photon down conversion in nonlinear optics. A divergent behaviour of the mean motional excitation number after nite interaction times occurs for higherorder quantum couplings with k 3, similar to the situation for the parametric approximation in nonlinear optics. We h a v e discussed these divergences within a single unied framework for all orders k 3. Moreover, it has been argued that the Lamb{Dicke approximation, which is only valid for well-localised atoms, is not consistent with the occurrence of large (or even diverging) mean excitations.
To o v ercome the divergent behaviour, one has to treat the full problem without the Lamb{Dicke approximation. This includes the correct description of the laserinduced momentum transfer onto the center-of-mass of the trapped atom. These are described by a nonlinear operator function, which plays an essential role for the dynamics of the motional quantum state of the atom. By using an asymptotic expansion, we h a v e proved that the correct description of the recoil eects widely modies the dynamics for large excitations and prevents the mean excitation number from exploding for nite interaction times. That is, the full problem leads to a regular dynamics where the energy of the motional degree of freedom does not unphysically diverge. On the other hand, the Lamb{Dicke approximation fails for these types of couplings, as does the parametric approximation in nonlinear optics. Whereas in nonlinear optics the divergence problem arises from the neglection of the pump-mode depletion and entanglement of the involved eld modes, in the case of a trapped atom the unappropriate treatment of the recoil eects in the Lamb{Dicke approximation leads to the unphysical behaviour. . Note the formation of a \star" followed by a ring from which further structure grows.
